LEMAIg11.nb

Losungen

1. LU-Zerlegung:

(Untersuchung und Herleitung im Falle einer 3 x 3-Matrix)

Das Beispiel einer abstrakten 3 x 3-Matrix:

Konstruktion von U (die Elementar substitutionen werden in Matrizenoper ationen abgebildet):

Sei al nicht O (sowie weiter unten auch die Nenner nie O - ansonst eine Zeilenvertauschung vorgenommen werden
misste...):

Rermove["d obal ™ "]

A30 = {{al, bl, cl},{a2, b2,c2},{a3, b3, c3}};
K31 = {{0,0,0},{0,0,0},{A30[[3]][[1]]/A30[[1]][[1]].0,0}};
Map[ Mat ri xForm { A30, K31}]

al bl c1 0 0 0
{la2 b2 c2|, |0 0 0}
a3 b3 c3 2 00

H13 = ldentityMatrix[3]- K31; H13 // MatrixForm

1 0 O

0 1 0
3

-& 01

Ul = H13. A30//Sinplify; Ul //MatrixForm

al bl cl
a2 b2 c2
0 -2 ,p3 -23el ., c3

K21 = {{0,0,0},{UL[[2]]1[[1]]1/VL[[1]1[[1]],0,0},{0,0,0}}; K32 // MatrixForm
K32

H12 = ldentityMatrix[3]-K21;, H12 // MatrixForm

1 00
-22 1 0

al

0 0 1
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U2 = H12. Ul//Sinplify; U2 //MatrixForm

al b1l cl
0 -2l ,p2 -22el 2
0 _ a3bl +b3 _a3cl +c3

al al

Sei - 82bL , p2 nicht O:

K32 = {{0,0,0},{0,0,0},{0, U2[[3]1[[211/WU2[[2]1[[2]],0}}; K32 // MatrixForm

0 0 0
0 0 0
0 i

al

H23 = ldentityMatrix[3]-K32; H23 // MatrixForm

1 0 0
0 1 0
a3 bl

U3 = H23. U2/ /Sinplify; U3 //MtrixForm

al b1l cl
a2 bl a2cl
- +b2 - o +C2
0 0 a3b2cl-a2b3cl-a3blc2+alb3c2+a2blc3-alb2c3

a2bl-alb2
In einem Schritt:

U3 = H23. H12. H13. A30//Sinmplify; U3 //MatrixForm

al b1 cl
a2 bl a2cl
-25= +b2 -85 4 c2
0 0 a3b2cl-a2b3cl-a3blc2+alb3c2+a2blc3-alb2c3

a2 bl-alb2

Uresult = U3;

Konstruktion von L mittelsinverser Matrix:

L U=A==>L = A InverseU. Daher ist die Inverse der Dreiecksmatrix U zu bestimmen.
Ansatz. U * InverseU = E. Die Berechnung von InverseU ist hier einfach. Die Sukzessive Berechnung der Elemente
von InverselU zeigt rasch, dass InverseU ebenfalls eine obere Dreiecksmatrix sein muss.

U = {{ull, ul2, ul3}, {0, u22,u23},{0,0,ul33}}; U// wMatrixForm

ull ul2 ul3
0 u22 u23
0 0 u33

InvU = {{v11,v12,v13},{0,v22,v23},{0,0,v33}}; InvU// MatrixForm

vlil vl12 vi13
0 v22 v23
0 0 v33
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U InvU/ MatrixForm

ullv1ll wullvl2 +ul2v22 ullv13 +ul2v23 +ul3v33
0 u22v22 u22v23 +u23v33
0 0 u33v33

InvU. U/ MatrixForm

ullv1ll wul2v1l +u22v12 ul3v1ll +u23v12 +u33vl13
0 u22v22 u23v22 +u33v23
0 0 u33v33
solv = Solve[U. I nvU == ldentityMatrix[3],{v1ll,v12,v13,v22,v23,v33}] // Flatten
ul3du22 -ul2u23 1
VI8~ -T2z VMo i
ul2 1 u23 1
V125 - ituz V222 waz Y330 s uas V3R a3

Hier hat man ein lineares Gleichungssystem mit 6 Unbekannten, das man nach dem Ruckwértseinsetzungsverfahren
rasch und problemlos [6sen kann.

InvU = InvU /.solv; InvU// MatrixForm
1 __ul2 _ ul3u22-ul2u23
ull ullu22 ullu22u33
0 1 _ u23
u22 u22u33
0 0 1

u33

Kontrolle:

Inverse[U // MatrixForm

1 __ul2 -ul3u22+ul2u23
ull ullu22 ullu22u33
0 1 _ _u23
u22 u22 u33
0 0 1

u33
Ersetzung der kiinstlichen Koeffizienten in U durch die von A30:
UFlat = Flatten[U];

U3Fl at = Flatten[ U3];
rul = Table[UFlat[[k]]->U3Flat[[k]],{k, 1, Length[ UFl at]}]

[Ull >al, ul2 >bl, ul3 scl, 050, u22 > 22PL o o3, 32C1 o

al al
050, 050, u33 - a3b201—a2b3c1—a3b102+a1b302+a2b1c3—a1b203}
a2 bl -alb2

L = A30.InvU; Lresult = L/.rul //Sinmplify; Lresult // MatrixForm

1 0 0

2
ZT 1 0

a3 a3 bl-alb3 1
al a2bl-alb2

Kontrolle:
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Lresult.Uresult //Sinmplify // MatrixForm

al bl cl1
a2 b2 c2
a3 b3 c¢3

Sinplify[Lresult.Uesult] == A30

True

0. Materialbereitstellung

A2 = {{112}1{11_1}}1
B2 = {{3,5}.{4,7}};
C2 = {{4,1},{5,6}};
Map[ Mat ri xForm { A2, B2, C2} ]

U S (e a) (5 6h

{{1,2,3},{1,-1,0},{-2,1,5}};
{{3,5,1},{4,7,9},{3,2,6}};
C3 = {{4,1,3},{5,6,5},{5,8,8}};
Map[ Mat ri xFor m { A3, B3, C3}]

1 2 3 3 51 4 1 3
{l -1 04, |4 7 9], 565}
-2 1 5 3 2 6 5 8 8

A4 = {{1,2,3,4},{1,-1,0,1},{-2,1,5,2},{-2,2,1,5}};
B4 = {{3,5,1,1},{4,7,9,5},{3,2,6,8},{5,6,5, 1}};
Map[ Mat ri xFor m { A4, B4} ]

1 2 3 4 3 511
1 -1 0 1 4 7 9 5

{ -2 1 5 2 3 2 6 8 }
-2 2 1 5 5 6 5 1

A24 = {{3,5,1,1},{4,7,9,5}};
B42 = {{112}1{11'1}1{'21 1}1{'212}}1
Map[ Mat ri xFor m { A24, B42} ]

1 2

3 51 1 1 -1
{(4795) —21}

-2 2

X13 = {{x11, x12, x13}};

X31 = {{x11}, {x21}, {x31}};

X24 = {{x11, x12, x13, x14}, {x21, x22, x23, x24}};

X42 = {{x11,x12}, {x21, x22}, {x31, x32}, {x41, x42}};
Map[ Mat ri xForm { X13, X31, X24, X42}]

<11 x11 x12

x11 x12 x13 x14 x21 x22

{(x11 x12 x13), igi ’ (x21 x22 x23 x24)’ x31 x32
x41 x42
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b31 = {{50}, {-100}, {1000} };
b32 = {{50, 203}, {- 100, 105}, {1000, - 50} };
Map[ Mat ri xFor m { b31, b32}]

50 50 203

-100 |, | -100 105 }

1000 1000 -50
EnR = ldentityMatrix[2];
En8 = ldentityMatrix[3];
Emt = ldentityMatrix[4];

Map[ Mat ri xFor m { EnR2, EnB, End} ]

1 0 0 O

10 128 0 1 0 O
{(01)’001 0010}

0 0 0 1

Nul I Matrix[m]:= Table[ Table[O,{k,1,m],{k,1,n];
Nul | Matri x[4]// Matri xForm

0 0 O

o O o
o O o
O O oo

0
0
0

ABC = {{a,b,C,d,E},{f,g,h,i,j},{k,l,mn,0},{p,q,r,s,t},{U,V,W,X,y}}; ABC //

Mat ri xForm
a b c d e
f g h i |
k I mn o
p g r s t
u v w X Yy

vdaMt = {{1,2,3,4},{2,3,4,5},{-3,-2,-1,0},{3,4,5,6}}; Vdw4t // MatrixForm

1 2 3 4
2 3 4 5
-3 -2 -1 0
3 4 5 6

1. LU-Zerlegung fur 3 x 3 Matrizen als Modul

(Einfach lesharer Modul ohne kompakte Programmierung, wiederholt anwendbar!)
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modul LU[ {{al_, bl _,c1 },{a2_,b2_,c2_},{a3_,b3_,c3 }}]:=
Modul [{},

A30 = {{al, bl, cl},{a2, b2,c2},{a3, b3, c3}};

K31 = {{0,0,0},{0,0,0},{A30[[3]][[1]]1/A30[[1]][[1]],0,0}};
Map[ Mat ri xForm { A30, K31}];

H13 = ldentityMatrix[3]- K31;

Ul = H13. A30//Sinplify;

K21 = {{0,0,0},{ua[[2]][[1]]/VL[[1]][[1]],0,0},{0,0,0}};
H12 IdentityMatrix[3]-K21;

U2 = H12. U1//Sinplify;

K32 = {{0,0,0},{0,0,0},{0, U2[[3]][[2]]/W2[[2]][[2]],0}};
H23 IdentityMatrix[3]-K32;

U3 = H23. U2//Simplify;

Uesult = U3;

U = {{ull, ul2, ul3}, {0, u22,u23}, {0, 0,u33}};

InvU = {{v11,v12,v13},{0,v22,v23},{0,0,v33}};
solv = Solve[U. InvU == IdentityMatrix[3],{v11,v12,v13,v22,v23,v33}] // Flatten;
InvU = I nvU /. solv;

UFlat = Flatten[U];

U3Flat = Flatten[ U3];

rul = Table[UFlat[[k]]->U3Flat[[k]],{k, 1, Length[UFl at]}];
L = A30.InvU; Lresult = L/.rul //Sinplify;

Print["Ei ngabematrix = ", A30// Matri xForm ;
Print["U=",Uesult//MtrixFornj;
Print["L = ",Lresult//MtrixForn;
Print["Kontrolle: L U= ",Lresult.Uesult//MtrixForni;]
nmodul LU[ A3] ;
1 2 3
Ei ngabematrix = |1 -1 OJ
-2 1 5
1 2 3
u= 1|0 -3 3}
0 O 6
1 0 0
L - |1 1 0
-2 -2 1
1 2 3
Kontrolle: L U= |1 -1 OJ
-2 1 5
nmodul LU[ B3] ;
3 51
Ei ngabematrix = |4 7 9
3 2 6
3 5 1
u-jo 3 =
0 0 74
1 0
L=|% 0}
1 -9 1
3 51
Kontrolle: LU= |4 7 9}
3 2 6
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nmodul LU[ C3] ;
4 1 3
Ei ngabenatrix = |5 6 5
5 8 8
4 1 3
u- [0 %J
0 0 %
1 0 0
5
L=|x 1 0
$ %o
4 1 3
Kontrolle: LU= |5 6 SJ
5 8 8

2. Determinantenberechnungen

(Berechnung zur Uebung von Hand bis und mit 4 x 4-Matrizen)
Det [ A2]

-3

{Det[A2], Det[B2], Det[C2]}

(-3, 1, 19)

{Det[A3], Det[B3], Det[C3]}
(-18, 74, 47}

{Det[A4], Det[B4]}

(-111, -430)
Det [ A24]

Det::matsq : Argument {{3, 5, 1, 1}, {4, 7, 9, 5}} at position 1 is not a nonenpty square matriXx. Mehr ...
Det [{{3, 5, 1, 1}, {4, 7, 9, 5}}]

Geht nicht!

Det [ B42]

Det:: matsq :
Argunent {{1, 2}, {1, -1}, {-2, 1}, {-2, 2}} at position 1 is not a nonenpty square matri x. Mehr ...

Det [{{11 2}1 {l, 71}1 {721 1}1 {721 2}}]

Geht nicht!
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Det [ X13]
Det::matsq : Argunment {{x11l, x12, x13}} at position 1 is not a nonenpty square matrix. Mehr ...

Det [{{x11, x12, x13}}]

Det [ X31]
Det::matsq : Argument {{x11}, {x21}, {x31}} at position 1 is not a nonenpty square matriXx. Mehr ...

Det [{{x11}, {x21}, {x31}}]

Det [ X24]

Det:: matsq :
Argunent {{x11, x12, x13, x14}, {x21, x22, x23, x24}} at position 1 is not a nonenpty square natrix. Mehr ...

Det [{{x11, x12, x13, x14}, {x21, x22, x23, x24}}]

Det [ X42]

Det::matsq : Argument {{x11, x12}, {x21, x22}, {x31, x32}, {x41, x42}}
at position 1 is not a nonenpty square matrix. Mehr ...

Det [{{x11, x12}, {x21, x22}, {x31, x32}, {x41, x42}}]

Det [ b31]
Det::matsq : Argunent {{50}, {-100}, {1000}} at position 1 is not a nonenpty square natriXx. Mehr ...

Det [{{50}, {-100}, {1000}}]

Det [ b32]

Det:: matsq :
Argument ({50, 203}, {-100, 105}, {1000, -50}} at position 1 is not a nonenpty square matrix. NMehr ...

Det [{{50, 203}, {-100, 105}, {1000, -50}}]

{Det[EnR], Det[En8], Det[Emd4], Det[Nul | Matrix[4]]}

{1, 1, 1, 0}

Det [ ABC]

ei mgu-dj mgqu-ehnqu+cjnqu+dhoqu-cioqu-eilru+djlru+egnru-
bjnru-dgoru+bioru+ehlsu-cjlsu-egmsu+bjmsu+cgosu-bhosu-
dhltu+ciltu+dgmtu-bi mtu-cgntu+bhntu-ei mpv+dj mpv+
ehnpv-cjnpv-dhopv+ciopv+ei krv-djkrv-efnrv+ajnrv+dforv-
aiorv-ehksv+cjksv+efmsv-ajmsv-cfosv+ahosv+dhktv-ci ktv-
df mtv+aimtv+cfntv-ahntv+eil pw-djl pw-egnpw+bjnpw+dgopw-
bi opw-ei kqw+dj kqgqw+efngw-aj ngw-df ogw+ai ogw+egksw-bj ksw-
eflswrajl swibfosw-agosw-dgkt w+bi kt wedfl tw-ailtw-bfntw+
agntw-ehl px+cjl px+egmpx-bj mpx-cgopx+bhopx+ehkqgx-
cjkgx-efmgx+aj mgx+cfogx-ahogx-egkrx+bjkrx+eflrx-
ajlrx-bforx+agorx+cgktx-bhktx-cfltx+ahltx+bfmtx-
agmt x+dhl py-cil py-dgmpy+bi mpy+cgnpy-bhnpy-dhkqy+
ci kqy+dfmgy-ai mgy-cfngy+ahnqy+dgkry-bikry-dflry+
ailry+bfnry-agnry-cgksy+bhksy+cflsy-ahlsy-bfmsy+agmsy

Det [ VdM4]

0



